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w—s 7 has a natural abmost c¢ str. J

Tham ( Penrose , Atiyah - Hitehin = Singer )

J :integrable <= ¢ : ASD

The Co‘mp/e)( manitold 7, o called the TuwiStTor Space of

o ASD m¥d (M*[§])



Basic properties of twistor spaces

- 4y =1 p) w a X submfd of 7

twisTor

Aine  Satisfging Nayjz = O() e O )

— 37 2— 7 omti - het. involution

nead g7
s.t. O‘/M, ~ omtd—[:odw( map

Conversely, these structures define
an ASD coformal gtructure om M.
(0
{ASD §Tr. on IVI} «—> { Twistor spaces

over M )’
Penrose corresp.



More basic properties of rwlsTor spaces

- Kle>0(4) ) By adjunction, K¢ >~ Kale ® olet Nusy, y
Jl I

0(-2) J2)
- So K()=-00 if Z2:cpt.

~ -Kzle = 0(4)
- -Kz admite a narurdd sGuane 00t [ an a Asl. dine bdle.
—  F . Ffundementel A Adle . Thia g¢atisTies

Fle~0() oF =F, FeF =«



& Two basce Theorems en cpt tWistor spaces

Thon ( Hitchin ‘#1) 7 cpt twistor space , 3 Kahler metric o Z

= Z~=¢PP o F={@xL)]|xetcr?]
| !

$* ¢

Qutline of a proef. Firet nstice that K~ >0 dron Kéhlerity.

So 2 is Famo. Then investigale |F| by wsing Riem.Roch ., amof

Kodatra. Vomishing, with effective use of* ¢ amd L.



§

Thm (Campana ’91) If 2 o Moishezon (or of Fujiko Cloas )

then the bame sp. M U Aomed. To NP, whae 0P = S

= X : Moishezon : & X : hiratima 70 a P?*i‘ dg poieyy = 0(z2) =3
(akg. dim.)
X = X Lirationaf 70 a CPpT kbi/,ler wmfd

Outline of o proof. Conscden the Chur schema of Z , parameterizing

twistor lines through a point  These lines tover Z trom compadinesy of
Chow scheme. This meana simply connectedness of 2, oamd $0 js M.
Then a topologicul angument ucing Riem Roch wmeans bI(M) =0

whi dh ,‘mp)‘,ey M = nCP* by Freadman & Domaldson y

(homeo)



Basic  properties of a twistor space Z on n CP

— @2) = w(z2,F) (=n@2) (Poon , [eBrun)

— So Z:.Moishezen & K'(2)=3 (ie K :big)

- F%= 2(4-m] fn<4|%=9¢|rn>q_

- X(mF) . 3/[4-%)7}@% O (m*) + | o | —
A £

4°(mF) + R*(mF)
(l)l by Hitdhin vanishing thm if Seal (3) D0

— So KUD=3 if N<4 owmd Scl(Y) Do,

— If m24, a(2) <3 in general. But thae are many Z on
NEP, n24, which satisfy alz)=3. These satisTy F3<0 & Fibig



C lassifjcation of twiStor spaces on 2 GP?

Thm (Poon ?6) If 9 is an ASD metric on 2P
Satistying feal (§8) >0, (b twiSTor Space Z, hoa the
fo//owing structme © H(F)=§, Qy/F/:CP/
I F
. Z % CP*

m;{/ (2,2)

The moduds 4pace v 1-dim, conmected O
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The First examples of Moishezan TwisTor spaces on TP, n . arbrirary

Thm (LeBrun 721) There exists o Tamily of ASD metrics on
nEP* (explicitly eonstructible), whoSe twistor spaces have the

follwing structure © L%(F)= &  Bs|F/ = Cu

(ifn>2) S
[F ar'  ¢p’
l > CP?3 . 33*@ T
blow up p U (2 diceriminant Locus |
MCUCNT Q\@ D Qa(H V- U Hn) 'y (P
i P g
] hyperplomes = modull

Come bl
These metrics admet an S'-action, omd the map @ com

be regarded ag a guitienT mop of the (% action ]



(O
These twistor spaces are Jeneralized to much more general §'-actions :
Thm (H, 2009, 20(0) For “many” §'-actim en NnEF, we can
construct O family of Moishezon twistor spaces having

the following sTructure .

Im Fl ) C~z
Z ’;‘:% CP U l
® v oliseriminant Locue S' Y @
T D I (Hvu U He)

r\«% IS
Z

b ndle hyperplomes = modull

$ Com be regarded ao o quotient mop of the C-action 0



Remarks ow the theorem

— These twistor spaces ore obtamed as an S'-eguivariant
deformations of the twistor spaces of Joyce metrics (1995),

Por suitable subgro«pPS S' C Tz (f'\/ (’Y)F, :)—D)/(_Q))

—  The quotient surface T corresponds to Einstein- Wegd structure

on 3-oim. space, amd ae (new) examples of minitwiSTS.

— T itself has a modull,

s
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Classification of twistor spaces on 3CP*

Thm ( Poon, kremplﬂr-l(wke ’92) Jf 7 it a twistor space of an
ASD metric on 3CP® whh Scal > O, the +wistor space satisties
A°(F) =4
(1) If BsIF| ¥ ¢, Z is a LeBrun Twisto  space .
2) If BsIFl=%, Z hao the Follming structure :
Fl, ops OO B

[ 33"'] U bronch div
21 ‘ type ”
B: (S‘/ngw)ar) quartlc /P

Z

Note : A substartiol pont of their analysic @ To determne an explicit

Form of defining oguation of B
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Classification of Moishezon twistor spaces on 4P

Thm (H.90/4) If 7 is & Moishezon twistor spae on 4qP2% the

2F .
omti- cansnical mop P ZI—>| cP¥ satisties o7ne of the follawing

1) 2 is birational over the image . (W= 6 or &) scroll of planes

{J—oyce} _
@) & is 3:1 over the imoge N=4 2 2% #'(\) C CP*

p : pryjection
The branch divisor is of the form /l\' c @Ji'ﬂ
Coni
P'(A) n B, where B is a quartic hypersurface . e

) dim@2) =2 (N=45w &) and Z is biratimal 0 a

(/ conic bundle swen (Z) .

[[\QBM'VL, jener‘aﬁled (eBrun }
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Remarks en the theorem

— Defining ¢9. of 2(2) con be given in a concrete Form for any case.
For examghe , in (1) (= biraTimeL type), if N=(A°(-Kz)~1 =) 6,
&(2) = (2,2.2) of some special Kind.
— The case (2) can be regarded oo a generalization. of
the similor one on 3CF to 4CTP2
( Both have a double covering STr,  branch v determined by o guartic)
— A substontial port is deyoted to determine an eguation of B
— P always has indeterminacy loewo, omd 0 concrefe elimination com

be gven . (= “pirationel gesmetry of twisTor spaces )



Moishezon twiStor spaces oh N CP, my4
~ No coemplete classification is pbrained yet.
- If K(F) 2%, Z = LeBrunm
- I+ W(F)=3, Z =~ Campam—Kreup’er (1998)
having Zow‘c bdle str by [F|
— If H(F) =2, knam exampler one :
~ generalized LeBrum (H.20/0),  faving (*-action

~ double covering type  —> next slide

— No example ic known satisfging A°(F) <1

/&



with C*~action 'nj dl*—ac’rim / 6
Thm (H. 2008, 2018) For ang %>« , there exist families of

twisTor spéces A,av/n; the fo/lwm(? structure

((%-2)’:! P

L = (P ;--——> CP"*
s~\@\ U n.prog. U
20 TN > A = o

Jcroll of planes rat.norm_euwyve

braneh dvise-of &= F'(N) o B, § . juartic ]
hypef‘sur‘f'qce

~ These are characterized by presence of q member of- I[Fl whose

p/uri-mﬂ—da.fnonjed syg’rm enjoies a c{oué/,g, cmri/fg Prop.w"ty,



On o proot of the theorem

— One difficulty is 10 show that the double covering map from

the member extendo +o 2. (o gve &2 ST PN))

— Another difficulty is 1o derlve O constradt for The hranch

Avisor [De{‘/n/n; a;ua:r/m of the ?uar‘T/'c hyperfurfaCe 8.)

- In these analysis, interesting birational geonerry arises.

7
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Further directions
— To extend the last theorem n +ull generality.
( Tt has twurned out , there exist o [amge number of
Families of Z of double covering type, which contrin

the obwve two Ffamilies as very Speciaf Cageq. )

— To show that

generalized LeBrun g  double covering type

exhaust Z satisfging AU(F) =2



— To pwrsue a commection with Fano 3- folds
- Recall al2)=3 < /Ki’/ L blg = nK'(2)=3

— Structure of surfaces with K'(X)=2 s g follows :

Thm (Sakai #4) The anati~camonicad modl 4 X has an/#
isolated Q- Goreastein sihg.uhr'ﬁies, omd K is ample

for Some m € /. O

— Amalogous result for 3-told seems 10 be not Knowyn.

( Nef property ic moT assumed.)

/7
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Projective mode Is of Moichezon twisTor spaces

26 7 ALk cept

_ - uartic.

3 2 L oep S
I12F(

4P Z T Xaza < CPF

[2F]
Z 57 X C a¢r°
C intersection of 10 Guadnces

All these are [imits of Fano 3-tlds of the same types

So /Dér/m.PS' all Moishezomn 7, ave loil’a“t/'bna,/ 0 Fano 3‘fo/a(y

wiTh sing ularities.

Jo



